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Abstract

Spreading of an axisymmetrical drop on a dry plane horizontal wall under the action of gravity and surface
tension (or capillarity) is studied in the inertialess approximation for arbitrary Bond numbers. It is shown
that the initial stage of spreading is completely dominated by gravity, and rolling motion sets in at the contact
line (CL). When the rate of the CLmotion reduces to the order of the characteristic wetting velocity expected
from the Hoffman’s well-known law, wetting effects begin to play an important role. However, the apparent
contact angle at this stage is still affected by the bulk flow and only at its end approaches Hoffman’s law.
Deviations from the latter are shown to be important in the region of contact angles close to p and to increase
with the Bond number, owing the fact that the bulk flow effects driven by gravity are stronger, the higher the
Bond number. Accordingly the apparent contact angle increases with the Bond number, which is in quali-
tative agreement with experimental observations. Comparison with known analytical solutions is presented.
� 2002 Elsevier Science Ltd. All rights reserved.

Keywords: Drop spreading; Moving contact line; Apparent contact angle; Bulk flow effect

1. Introduction

The theme of the present work is spreading of the axisymmetrical drops on a plane horizontal
dry wall. This problem has been considered in literature in different contexts. For example, in the
case of drop impact with impact velocity sufficiently high and significant inertial forces, splashing,
jetting, bubble encapsulation, and capillary wave propagation are encountered, especially in the
case of a wet surface (Yarin and Weiss, 1995; Weiss and Yarin, 1999; Gueyffier and Zaleski, 1998;
Rieber and Frohm, 1999). In the present work, however, we deal with the situation where inertial
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effects are negligible and spreading proceeds in a creeping flow regime due to gravity. Such flows
have recently attracted considerable attention in literature due to their technological importance
(Chandra and Avedisian, 1991; Gao and Sonin, 1994; Fukai et al., 1993, 1995; Hatta et al., 1995;
Pasandideh-Fard et al., 1996; Schiaffino and Sonin, 1997a,b; Waldvogel and Poulikakos, 1997;
Davidson, 2000), but the physical processes affecting the dynamics of propagation of the moving
contact line (CL) (the drop edge) over a dry surface, especially interplay between wettability and
bulk flow effects, have not yet been adequately treated. The present work deals with this aspect.

A number of publications, both experimental and theoretical, suggest that in a creeping flow
regime the apparent dynamic contact angle is determined by the motion rate of the CL, the
viscosity of the liquid, surface tension, and such molecular factors as the London–van der Waals
forces significant in the vicinity of the CL (de Gennes, 1985). Hoffman’s experiments (Hoffman,
1975) yielded a nearly universal relation between the rate of motion of the CL, the apparent
contact angle and the equilibrium contact angle for wetting over a wide range of CL motion rates.
Cox (1986) showed that the law has a universal form but contains a term depending on the flow at
some distance from the CL. This term was calculated analytically in Hocking (1983) in the
framework of the lubrication approximation for the case of drop spreading by gravity and cap-
illarity but only for small apparent contact angles (i.e. at the long-term limit). The results dem-
onstrated that the law of CL motion is close to Hoffman’s law for small and moderate Bond
numbers. However, the CL motion in the case of large Bond numbers corresponding to strong
gravity forcing is affected by the bulk flow resulting from gravity. Analysis of drop spreading with
arbitrary apparent contact angles (Hocking and Rivers, 1982) was confined to the case of small
drops where gravity effects are negligible.

Modeling of molecular mechanisms near the CL in studies of partial wetting (Thompson and
Robbins, 1989; de Gennes et al., 1990) suggests that the microscopic (actual) contact angle is
unaffected by the flow in the range of several angstroms and is always determined by Young’s
relation. This implies that the actual contact angle is a material property of the system, as was
postulated in Ngan and Dussan (1982).

At intermediate distances of the order of 1 nm to 100 lm the apparent contact angle is already
affected by viscous effects and surface tension. The latter change the slope of the free surface,
which results in a difference between the actual microscopic angle and the apparent one seen in the
photographs. Since these viscous and surface tension effects are still localized near the moving CL,
they result in a universal dependence between its velocity and the apparent and equilibrium
contact angles found in Hoffman (1975), Cox (1986), de Gennes et al. (1990). Experiments
(Fermigier and Jenffer, 1991) fully supported the universal relation of Cox (1986) in the case of
liquid–air interfaces, which is of primary interest in the present work. The relation has been shown
to be valid almost up to apparent contact angles close to p and sufficiently high flow velocities––in
spite of the fact that for contact angles close to p the CL becomes unstable, and the accuracy of
the angle measurements is not too high. Thus Cox’s relation can be considered as plausible even
for the apparent contact angles close to p, and deviations from it are almost certainly attributable
to the effect of roughness (Fermigier and Jenffer, 1991; Zhou and Sheng, 1990). Besides the purely
hydrodynamic phenomena near the moving CL treated in Cox (1986), the local molecular-kinetic
effects can also contribute to the dependence of the contact angle on the rate of propagation of the
CL (cf. Blake (1993) and references therein). In fact, probably both mechanisms contribute, and
both theories describe the CL propagation equally well (Hayes and Ralston, 1993).
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Strong bulk flow apart from the moving CL necessarily affects the shape of the free surface.
This leads to narrowing of the validity range of the universal results found in Hoffman (1975),
Cox (1986), which continue to be valid near the CL but in closer and closer proximity as the flow
becomes stronger. At the same time, the apparent contact angle becomes dependent on the in-
tensity and geometry of the bulk flow as a whole, as is actually suggested by the results of Hocking
(1983), Ngan and Dussan (1982), Hayes and Ralston (1993), as well as by those of the present
work. In it we consider a drop spreading on a plane dry horizontal wall for arbitrary values of the
Bond number, including those corresponding to strong gravity forcing (in the creeping flow ap-
proximation), without any restrictions on the apparent contact angle. One of the main aspects
treated is the dynamics of the moving CL during the spreading process. The corresponding study
of the present group (Reznik and Yarin, 2002) dealt with planar two-dimensional drops. The
present work is devoted to the axisymmetric case.

In Section 2 the problem is formulated. Non-dimensionalization is introduced in Section 3. The
case of the moderate Bond numbers is considered in Section 4, and that of large Bond numbers in
Section 5. Conclusions are drawn in Section 6.

2. Problem formulation

Consider a spherical drop of viscous liquid placed on a plane horizontal surface at a point O
and spreading on it with zero initial velocity (Fig. 1). Denote the surface tension r and the vis-
cosity l, and take as their characteristic values r � 100 g/s2 and l ¼ 10 g/cm s. As an estimate of
the liquid density, we take q ¼ 1–10 g/cm3. The characteristic values are typical of water–glycerine
mixtures and solder. The volume-equivalent radius of the drop is set at a0 6 0:1 cm. A plausible
estimate of the characteristic flow velocity is given by the ratio V ¼ r=l, the corresponding
Reynolds number being

Re ¼ qVa0
l

6 0:1–1: ð1Þ

Fig. 1. Sketch of a drop spreading on a horizontal surface.
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The Bond number determines the relative importance of the gravity and capillarity effects

Bo ¼ qga20
r

� 0:1–1; ð2Þ

where g is the gravity acceleration.
The values of the Reynolds and the Bond numbers in (1) and (2) are characteristic of small

droplets with an intermediate viscosity.
In the Navier–Stokes equations rendered dimensionless using the scales V and a0, the inertial

terms are of order one, the viscous terms are of order Re�1, and the gravitational term is of order
Fr�1, where the Froude number Fr ¼ V 2=ðga0Þ. In the limit of Re � Fr � 1 the inertial terms can
be neglected compared to the viscous and gravitational ones. The Reynolds and Froude numbers
are of the same order if V ¼ r=l � qga20=l. The latter is true for small droplets for the Bond
number values of Eq. (2). Therefore in this case the inertial terms are negligibly small and we are
dealing with the creeping flow affected by gravity.

Some experiments, however, are conducted with much larger drops of such highly viscous
liquids as polydimethylsiloxanes (Marino et al., 1996). In this case r ’ 20 g/s2, l ’ 100–1000 g/
(cm s), q ’ 1 g/cm3 and a0 is from the range of 3.5–7.3 cm. In this case BoP 103 (or even 105). In
this case the velocity scale V ¼ qga20=l yields Re � Fr (however, now V > r=l, since Bo > 1). The
Reynolds number Re based on this scale Re ¼ q2a30g=l

2 still yields Re ¼ 10�3–10�1 for the poly-
dimethylsiloxane drops. Therefore in this case we are still dealing with the creeping flow affected
by gravity.

In the creeping flow regime we are dealing with, the Stokes equations read

rp ¼ lMuþ qg; ð3Þ

r 
 u ¼ 0: ð4Þ

Here p is the pressure, and u is the velocity vector. Gravity acceleration g is directed against the
z-axis in Fig. 1.

Due to the drop symmetry about the vertical axis z, intersecting the plate surface at point O (see
sketch in Fig. 1), the velocity vector has a radial (r) and a vertical (z) component. The no-slip
boundary conditions on a horizontal plane z ¼ 0 read

ur ¼ 0; uz ¼ 0; z ¼ 0: ð5Þ

These conditions are valid everywhere except for a small domain of the CL, where intermolecular
forces become significant (de Gennes, 1985). When the conditions (5) were also applied at the CL,
a force singularity emerged (Dussan and Davis, 1974; Dussan, 1979). To eliminate this singularity,
the slip Navier–Maxwell boundary condition was used instead of (5) in Hocking (1983), Hocking
and Rivers (1982), Zhou and Sheng (1990), Chen et al. (1996). In the present case the slip con-
dition reads

ur � �kk
our
oz

¼ 0; z ¼ 0 ðnear the CLÞ: ð6Þ

Here �kk is a molecular slip coefficient, which is small relative to the macroscopic scales of the
problem (the latter being of the order of a0).
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Cox (1986) (cf. also Hocking and Rivers (1982)), having removed the singularity by condition
(6), arrived at the relation for the apparent contact angle discussed in Section 1. He also calculated
the flow field in the ‘‘hydrodynamic’’ region adjacent to the CL. His results for the apparent
contact angle and the flow field were compared with experiment in Chen et al. (1996). It was
shown that the predictions for the flow field fail at distances of the order of 102 lm from the
moving CL. Also when the flow velocity becomes sufficiently high, the prediction for the apparent
contact angle fails.

According to Cox (1986), the law governing the CL motion need not be confined to the par-
ticular molecular model used in the vicinity of the CL; this enables us to use (6) safely in the model
of the present work.

With the drop shape described by a function r ¼ hðz; tÞ the kinematic boundary condition at the
drop surface reads

oh
ot

þ uz
oh
oz

¼ ur; r ¼ hðz; tÞ; 0 < z < zaðtÞ; ð7Þ

where zaðtÞ is the apex coordinate. Note that by setting r ¼ hðz; tÞ for the drop shape, we are
capable of description of only the shapes corresponding to single valued functions r. If in the
course of calculations drop shape would tend to ‘‘overturn’’ leading to a multivalued function, r
should be parametrized by the arc length of the drop generatrix s. Such cases, however, were not
encountered in the present work. Note, that below we also use r ¼ hðs; tÞ, but still as a single
valued function.

The dynamic boundary conditions on the drop surface consist as usual in vanishing of the
tangential stresses and normal stress balance, with the effect of surface tension included

f 
 s ¼ 0; r ¼ hðz; tÞ; ð8Þ
f 
 n ¼ rj; r ¼ hðz; tÞ: ð9Þ

Here f is the force acting in the liquid; n and s are the unit normal and tangent vectors at the
surface; j is the surface curvature. The latter can be expressed in terms of the slope angle of the
surface b, as per

j ¼ 1

r
dðr sin bÞ

dr
: ð10Þ

(b < 0 is the angle which the tangent to the surface makes with the r-axis; see Fig. 1). The geo-
metrical relation

dh
dz

¼ 1

tan b
ð11Þ

states the dependence of h on b.
The condition of volume conservation in the axisymmetric case we are dealing with can be

expressed in the form

2p
Z sCL

0

hz cosðbÞds ¼ 4p
3
a30; ð12Þ
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where s is the arc length measured from the apex to the fixed point on a drop generatrix and sCL is
its value for point A, corresponding to the CL (see Fig. 1).

The condition at the apex reads

b ¼ 0; z ¼ za: ð13Þ
In close proximity to the CL the slope angle should equal its stationary value as, determined

solely by the intermolecular forces (Hocking and Rivers, 1982; Thompson and Robbins, 1989; de
Gennes et al., 1990) (cf. the discussion in Section 1). Thus, the boundary condition at the CL
becomes

b ¼ �as; z ¼ 0: ð14Þ
The initial shape of the drop generatrix is assumed to be circular

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a20 � ðz� a0Þ2

q
; 0 < z < 2a0; t ¼ 0: ð15Þ

3. Dimensionless parameters

The parameters involved are rendered dimensionless as follows:

ðr0; z0; s0Þ ¼ ðr; z; sÞ
a0

; t0 ¼ rt
la0

; k ¼
�kk
a0

; h0 ¼ h
a0

; ð16Þ

ðu0r; u0zÞ ¼
lður; uzÞ

r
; p0 ¼ a0p

r
: ð17Þ

Eq. (3) in dimensionless form reads (here and hereinafter primes are dropped for brevity)

rp ¼ Mu� Boj ð18Þ
(j being the unit vertical vector), whereas the dynamic boundary conditions become

f 
 n ¼ j; r ¼ hðz; tÞ; ð19Þ
f 
 s ¼ 0; r ¼ hðz; tÞ: ð20Þ

The dimensionless kinematic boundary condition at the drop surface is still given by (7), and
the initial condition, and that of volume conservation, become

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðz� 1Þ2

q
; 0 < z < 2; t ¼ 0; ð21ÞZ sCL

0

hz cosðbÞds ¼ 2

3
: ð22Þ

The capillary number based on the CL motion rate U, is defined as per

Ca ¼ lU
r

¼ da
dt

; ð23Þ

a being the apparent coordinate of the CL; a ¼ hð0; tÞ for t > 0.
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4. Moderate Bond numbers

4.1. From a single-point contact angle to a finite contact area

Calculation of the drop shapes at moderate values of the Bond number began with a circular
shape of the drop generatrix. In the time interval 0 � t6 t1 (t1 6 t) the drop progresses from a
single-point contact with the wall to a finite contact area (t denoting the moment when rolling
motion ceases at the CL; see below for details). This stage is completely dominated by the gravity
force and inertia, and it can be shown that it is very short even compared to t. Indeed, denote by
/ the semi-angle between the two radii in the median cross-section SS0 of the drop such that they
end at the points where the CL intersects SS0. At t ¼ 0 / ¼ 0, and at 06 t6 t1 / � 1. To the value
/ of the angle corresponds a downward shift of the drop center by H ¼ a0ð1� cos/Þ ’ a0/

2=2,
and the attendant decrease in the potential energy of the drop Ep is qð4=3Þpa30gdH=dt. Since, as
can be shown the gravity effects outweigh the viscous ones as well as that of surface tension, Ep

should equal the sideways flux of the kinetic energy existing near the bottom, Ek ¼ ðqv2=2Þ2pavH ,
where v is the characteristic velocity of the flow in this region. The energy balance reads

q
2

3
pa40g

d/2

dt
¼ qv3pa0a

2
/2: ð24Þ

The current position of the CL is a ¼ a0 sin/ ’ a0/. Therefore v ¼ da=dt ’ a0d/=dt, and Eq.
(24) yields

/ ¼ 32

3

g
a0

� �1=4

t1=2; ð25Þ

a ¼ a0
32

3

g
a0

� �1=4

t1=2: ð26Þ

Let us now estimate the time t1 needed to reach the value of a ¼ a1 ¼ 10�1a0 for a0 ¼ 10�1 cm.
From Eq. (26), t1 ¼ ða1=a0Þ2ð32g=3a0Þ�1=2 ¼ 3� 10�5 s, much smaller than t. Indeed, according
to Fig. 2 discussed below, t > la0=r. For l ¼ 10 g/cm s, r ¼ 102 g/s2 and a0 ¼ 10�1 cm, t > 10�2

s. Since t1 � t, we can take t1 ¼ 0 in the calculations.

Fig. 2. Position of the moving CL as a function of time during the transition stage of the process. The values of the

Bond number are shown by the numerals near the curves.

S.N. Reznik, A.L. Yarin / International Journal of Multiphase Flow 28 (2002) 1437–1457 1443



4.2. The initial transition stage of the spreading

We consider droplet evolution after a finite contact area has already been established. The case
of moderate Bond numbers is treated, and at the initial transition stage of spreading the time
interval 06 t6 t is covered. It is clear that in this transition process the gravity effects play a
dominant role and capillary number is large. In the experiments of Hoffman (1975), contact angle
was found to be very close to p for CaP 0:2. For such values of Ca rolling motion is realized at
the CL. At the stage where gravity dominates the flow and Ca is large, evolution of the free
surface towards rolling is virtually unaffected by the wettability effects and the latter could be
dispensed with. In the present work it was found that this leads to a much more effective nu-
merical algorithm. Note also that, as was shown in Dussan and Davis (1974), there is no sin-
gularity in the stresses at the CL when the no-slip boundary condition (5) is applied at z ¼ 0 as
rolling motion sets in. Then, applying the dynamic boundary conditions (19) and (20), we can
obtain the solution of the Stokes Equation (18), using boundary element method (BEM), and
determine the flow velocity u at an arbitrary point of the drop surface. The evolution pattern of
the surface generatrix can be found from the equation

dri

dt
¼ uðriÞ; ð27Þ

where ri is the radius vector of the i-th material point at the surface generatrix at time t.
The initial condition for (27) is given by

rið0Þ ¼ r0i ; ð28Þ

where r0i is the initial coordinate of this point on the circle at t ¼ 0.
To solve Eq. (27), we need the velocity u at the drop surface at t ¼ 0. In order to obtain it via

BEM, the initial condition was set in the form of a circle with the CL position a1 � a0 at t ¼ t1 as
per Eq. (26).

Eq. (27) under the initial condition (28) was integrated by the Kutta–Merson method. At each
time step the nodes on the free surface were redistributed, with all those which had moved to the
wall discarded. Then new contact line position was determined as the intersection between the
surface and the wall, and the new nodes were distributed for the next time step.

The numerically calculated position and motion rate of the CL, as well as capillary number Ca,
for Bo ¼ 2, 5, 10 and 15 are presented in Figs. 2 and 3. The evolution of the drop surface for these
moderate values of Bo is illustrated in Fig. 4. In Fig. 3 it is seen that the motion rate at this
transition stage rapidly decreases with time. Eventually it approaches the value of the order of
Oð�Þ; in the present calculations � ¼ 0:01 (which is characteristic of most of the surfaces (de
Gennes, 1985)). From Eq. (58) below it is seen that at a6 3, Ca ¼ Oð�Þ which means that the
wetting velocity is of the order of �. During the transition stage the motion rate of the CL is much
higher than the wetting velocity (Fig. 3), however, at the end of this stage at t ¼ t, the CL velocity
inevitably reduces to the level of the wetting velocity. This corresponds to significantly squeezed
drop shapes, when gravity effect has already been diminished. An overlap of the initial transition
stage of spreading treated in the present subsection with the wetting stage considered below in
Section 4.3 takes place at t close to t.
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In Fig. 4 it is seen that at the initial transition stage 06 t6 t, where t ¼ Oð1Þ, the evolution
of the drop surface from the initial circular shape (21) is totally governed by the bulk flow driven
by gravity, and rolling motion sets in at the CL. In Fig. 4(a) the rolling motion at the CL sets in
at t ¼ 0:0005, in Fig. 4(b)––t ¼ 0:0002, in Fig. 4(c)––t ¼ 0:0001, and in Fig. 4(d)––t ¼ 0:000075.
Effect of surface roughness should be negligible at this stage. Only at t > t do the molecular
wetting effects become competitive and the quasi-stationary scenario studied earlier in Hocking
and Rivers (1982) sets in. The time delay t ¼ Oð1Þ before this takes place increases with the
Bond number, as gravity squeezing becomes more intensive. The value of t can be estimated
using the fact that at the transition stage of droplet motion the surface tension plays only a
minor role and the dependence of the CL coordinate on time satisfies the same equation as
for the large Bond numbers (Eq. (65) below in Section 5). From this equation we can find
t � ðBo=ð6�Þ8Þ1=7. Then for � � 0:01 the value of t increases from 27:5 to 36.7 as the Bond
number increases from Bo ¼ 2 to 15. The dimensional time corresponding to t ¼ Oð1Þ is t ¼
Oðla0=rÞ.

The evolution of the apparent contact angle towards the value of a ¼ p, and the appea-
rence of rolling motion at the CL found in the present work agree with the experimental evi-
dence of Marino et al. (1996). Note also that gravity-driven spreading of viscous drops was
studied numerically in Betelu et al. (1997). There are two main differences between the latter
work and the present one. First, the variant of the BEM employed in Betelu et al. (1997) does
not allow for an easy incorporation of the surface tension. Therefore they considered only the case
of r ¼ 0. Second, Betelu et al. (1997) did not allow for a free evolution of the apparent contact
angle, as in the present work, but postulated rolling motion at the CL (a ¼ p) from the very
beginning.

4.3. Calculation of the drop shape at the wetting stage

At t > t wettability effects become important. In Hocking and Rivers (1982) it was assumed
that for moderate and small Bond numbers, where the gravity effects are relatively small, the
capillary number is as small as in the case Bo ¼ 0. The law of the CL motion can then be found via

Fig. 3. Capillary number based on the motion rate of the CL as a function of time during the transition stage of the

process. The values of the Bond number are shown by the numerals near the curves.
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the method of matched asymptotic expansions. For small contact angles the expansions of the
solutions in Ca in the outer bulk region and in the immediate vicinity of the CL were matched in
Hocking and Rivers (1982) in an intermediate region of size � ¼ �1= ln k. The dependence of Ca
on a (a being the apparent contact angle) was then obtained as the matching condition.

What we seek, however, is the law of the CL motion for arbitrary contact angles. The problem
is solved via the perturbation method similar to the one proposed in Cox (1986), and Hocking and
Rivers (1982) for small values of Ca. Consider first the outer bulk region and resolve the pressure
in two terms as per

Fig. 4. Time evolution of the drop surface during the transition stage of the process: (a) Bo ¼ 2, (b) Bo ¼ 5, (c) Bo ¼ 10,

and (d) Bo ¼ 15, and the time step between the curves is: (a), (d)––Mt ¼ 0:05; (b), (c)––Mt ¼ 0:025. The time intervals

covered are: 06 t6 0:97 for (a), 06 t6 0:9 for (b), 06 t6 1:09 for (c), and 06 t6 1:02 for (d).
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p ¼ �Boðz� zaÞ þ ~pp: ð29Þ
Then it follows from (18) that

r~pp ¼ Mu: ð30Þ
The normal stress balance in the new variables can be written as

~ffn ¼ j � Boðz� zaÞ; r ¼ hðz; tÞ: ð31Þ

The condition of vanishing of the tangential stress (20) conserves its form in the new variables.
Since the capillary number is assumed to be small, we expand the unknown variables in Ca as per

h ¼ h0 þ Cah1 þ 
 
 
 ; b ¼ b0 þ Cab1 þ 
 
 
 ; ð32Þ
~ffn ¼ �cþ Ca ~ff 1

n þ 
 
 
 ; u ¼ Cau1 þ 
 
 
 ; ð33Þ
where cðtÞ is an unknown function (the modified pressure ~pp should be constant in the zeroth order
in Ca).

In the zeroth order in Ca, we obtain from (31), (10) and (32) the following set of equations for
determination of the drop generatrix:

oh0
os

¼ cosb0; ð34Þ

oz
os

¼ sinb0; ð35Þ

ob0

os
¼ cþ Boðz� zaÞ �

sinb0

h0
: ð36Þ

with the conditions

h0ð0; tÞ ¼ 0; zð0; tÞ ¼ za; b0ð0; tÞ ¼ 0; zðsCL; tÞ ¼ 0: ð37Þ
The condition of volume conservation should also be added. It has the form (see (22))Z sCL

0

h0z cosðb0Þds ¼
2

3
: ð38Þ

From (34)–(38) we can find the drop generatrix in the form h ¼ h0ðz; zaðtÞÞ and the apparent
contact angle aðzaÞ and CL coordinate aðzaÞ can be found as per

a ¼ �bðsCL; tÞ; a ¼ h0ðsCL; tÞ; ð39Þ
for any fixed apex coordinate za.

Therefore we can write

oh0
ot

¼ CaF ðz; zaðtÞÞ; ð40Þ

where the function F ðz; zaðtÞÞ ¼ ðoh0=ozaÞ=ðoa=ozaÞ can be found numerically.
Note that the kinematic boundary condition (7) can be rewritten as

un ¼ u 
 n ¼ uz cos b � ur sin b ¼ � oh
ot

sin b: ð41Þ
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Substituting (40) in (41), we obtain

u1n ¼ �F ðz; zaðtÞÞ sinb0; ð42Þ
where u1n is the normal velocity component at the drop surface in the first order in Ca. The latter is
used as the boundary condition for (30), generating a non-zero solution in the domain bounded by
the drop generatrix h0ðz; zaÞ. The second boundary condition at the drop surface is given by (8). In
the outer region we can neglect the slip term in (6) and use (5) as the boundary condition at the
plane z ¼ 0. These conditions are used for solving the Stokes equations uniquely, and we can
determine the value of ~ff 1

n on the drop surface described by the function h0. The condition for the
normal stresses (31) containing ~ffn should then be used for the correction to the shape of the drop
generatrix in the first order in Ca, which is necessary for finding the expansions near the CL.

In the present case the Stokes equations with the boundary conditions are unsolvable analyt-
ically, unlike the situation in Hocking and Rivers (1982) for the case Bo ¼ 0 corresponding to a
circular drop surface. Accordingly, we are searching for numerical solution using the BEM, de-
tails of whose implementation for solving Eq. (30) can be found in Becker (1992), Pozrikidis
(1992), van de Vorst (1994). It is well known that the vorticity and stresses are singular at the CL.
Moreover, they contain very steep gradients near the CL, and very fine resolution of the free
surface is needed there. This difficulty can be obviated through the following consideration. Let

u1 ¼ uH þ ûu; ð43Þ
~ff1 ¼ ~ffH þ f̂f; ð44Þ

uH and ~ffH being the analytical solutions of Hocking and Rivers (1982) for a circular drop with the
same axis of symmetry, contact angle a and CL position a and unit CL velocity. In the region near
the CL this solution has the form of the Moffatt solution for a two-dimensional wedge (Moffatt,
1964)

uHx ¼ sin a
a � sin a cos a

ð/1 sin a þ cos/1 cosð/1 � aÞ � cos aÞ; r1 ! 0: ð45Þ

uHy ¼ sin a
a � sin a cos a

ð/1 cos a � sin/1 cosð/1 � aÞÞ; r1 ! 0; ð46Þ

where /1 is the polar angle determining the position of a surface point relative to the CL, r1 is the
distance from the CL to a surface point (see Fig. 1). Note that it is actually assumed that the effect
of the curvature of the CL on the flow in its vicinity is negligibly small, and the Moffatt solution is
still valid approximately in the axisymmetric case. Note also that Voinov (1976, 1978) employed
previously the Moffatt solution to derive an expression for the dependence of a on Ca.

The normal stress component in the vicinity of the CL is given by

effH 
 n ¼ 2 sin a
a � sin a cos að Þr1

; r1 ! 0: ð47Þ

Expressions (45)–(47) yield an analytical representation of the singularity at the CL. Thus all we
have to do, using BEM, is to find the correction terms ûu, f̂f, satisfying the following boundary
conditions on the surface:

ûu 
 n ¼ u1n � uH 
 n; r ¼ h0ðz; zaÞ; ð48Þ
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f̂f 
 s ¼ �~ffH 
 s; r ¼ h0ðz; zaÞ: ð49Þ
From (48) and (49) and the fact that effH 
 s ¼ 0 on the surface corresponding to a circular gen-
eratrix, it follows that ûu 
 n ! 0, f̂f 
 s ! const if r1 ! 0. Then there is no need for numerical
processing of the steep gradients associated with the singularity.

The correction to the surface shape at the first order in Ca, h1 and b1, can be found from the
normal stress balance (31). Substitution of (32) in (31), using (34)–(37) yields the following set of
equations:

ob1

os
¼ sinb0ðsÞ

h20ðsÞ
h1 � cot b0ðsÞðcþ BoðzðsÞ � zaÞÞb1 þ ~ff 1

n ðsÞ þ ~cc; ð50Þ

oh1
os

¼ � b1

sinb0ðsÞ
: ð51Þ

with the conditions at the apex

b1 ¼ 0; h1 ¼ 0; at s ¼ 0: ð52Þ
Here zðsÞ, b0ðsÞ, h0ðsÞ are the functions found from (34)–(37) and s has the same meaning as in
(34)–(37). To avoid numerical difficulties in (50) and (51), stemming from the fact that
b0ð0Þ ¼ 0; h0ð0Þ ¼ 0, we replace (52) by the conditions at s ¼ �s � 1. By (50) and (51) these
conditions take the form

h1ð�sÞ ¼ � ~cc�s
2c

; b1ð�sÞ ¼
~cc�s
4
: ð53Þ

The function ~cc can be found numerically from the condition of volume conservation (22). Using
(51) we obtain that, in the first order in Ca, this condition can be expressed as perZ sCL

0

h1h0 sinb0 ds ¼ 0: ð54Þ

For matching with the inner region of molecular size near the CL, where slip takes place, we
need to find the asymptotic value of b1 there. Substituting (47) in (50), we derive (for better
convenience of the matching procedure) the negative counterpart of b, denoted d

d ! a þ Ca
2 sin a

a � sin a cos a
ln r1

�
þ Q0ða;BoÞ

�
þOðCa2Þ; r1 ! 0; ð55Þ

where Q0 is a constant obtainable from the numerical solution.
The asymptotic of the solution, satisfying the boundary condition (14) in the inner region of

size k, is according to Cox (1986), Hocking and Rivers (1982)

d ! as þ Ca
2 sin as

as � sin as cos as

ðln ~rr
�

þ 1Þ þ QiðasÞ
�
þOðCa2Þ; ~rr ! 0; ð56Þ

where ~rr ¼ r1=k.
The expansions (55) and (56) are matched as in Hocking and Rivers (1982) via consideration of

an intermediate region of size � ¼ �1= ln k. In this region the solution of the Stokes equation does
not depend on the entire geometry. It has, up to Oð�2Þ, the form of the analytical solution of
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Moffatt, which refers to a plane boundary. In the present case the drop boundary is curved, but its
characteristic radius of curvature is much larger than k, as is also that of the CL. The normal
stress balance in the intermediate region then reads (Cox, 1986)

dd
d~rr

¼ Ca
~rr

2 sin d
d � sin d cos d

þOð�3Þ: ð57Þ

In Somalinga and Bose (2000), this solution was verified by direct numerical simulations for
Ca � 1. The matching procedure thus described in brief, yields the following dependence:

Caða;Bo; asÞ ¼
1

2

GðaÞ � GðasÞ
��1 þ QiðasÞ � Q0ða;BoÞ

þOð�3Þ; ð58Þ

where

GðaÞ ¼
Z a

0

t � sinðtÞ cosðtÞ
sinðtÞ dt; ð59Þ

Q0ða;BoÞ ¼ G0ðaÞQ0ða;BoÞ � 1; QiðasÞ ¼ G0ðasÞQiðasÞ; ð60Þ
and the primes denote differentiation.

The term QiðasÞ is determined by the processes in the vicinity of the CL (such as the disjoining
pressure resulting from the van der Waals forces) and does not depend on the external flow. In
Hocking and Rivers (1982) it was calculated using the slip boundary condition (6). Therefore, the
only term we need in (58) to calculate Ca for a particular a (or a) is Q0, which is obtainable
numerically by BEM. This was done in the present work for the range of angles as < a < p � 0,
and Bond numbers 26Bo6 15. For the moderate Bond numbers BEM was used to find a so-
lution of a sub-problem needed in the asymptotic analysis. Namely, it was used to calculate the
term ~ff 1

n ðsÞ entering Eq. (50). To do that, Eq. (30) was solved by BEM with the boundary con-
ditions (5), (8) and (42). Then Q0 could be found from the system (50) and (51) as s ! sCL.

Note that in the present work we assume that drops spread over a plain wall. Surface roughness
is known to decrease (increase) a at a given Ca, if a < p=2 (a > p=2) (Dussan, 1979).

4.4. Wetting stage: results

Consider now the results for the wettability stage at tP t. At the moment t ¼ t the rate of the
CL propagation becomes equal to that which would result from the molecular wettability effects
affected by the bulk flow. At t > t the motion of the CL is driven mainly by the wettability effects,
albeit there still is sufficiently strong bulk flow due to gravity. The drop evolution at tP t is il-
lustrated in Fig. 5(a)–(d), where the calculated drop shapes given by (34)–(38) for different values
of the apex height za (equivalent to different values of time) and Bo ¼ 2–15 are shown. The de-
pendences CaðaÞ corresponding to these values of Bo are plotted in Fig. 6 for the value � ¼ 0:01
and as ¼ 0:3. The dashed–dotted curve 6 in Fig. 6 corresponds to the universal law (Cox, 1986)

CaðaÞ ¼ �

2
ðGðaÞ � GðasÞÞ: ð61Þ

The results in Fig. 6 actually show that the stronger the bulk flow at higher values of the Bond
number, the larger the deviations from the universal Hoffman relation (61). The apparent contact
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Fig. 5. Evolution of the drop shape at the wetting stage for moderate values of the Bond number: (a) Bo ¼ 2, (b)

Bo ¼ 3, (c) Bo ¼ 5, (d) Bo ¼ 15. The initial drop configuration corresponds to the apparent contact angle a � 3, and the

apex height step between the curves is dza ¼ 0:05, which is equivalent to time stepping.

Fig. 6. Dependence of the capillary number Ca on the apparent contact angle a. Curve 1 corresponds to Bo ¼ 2;

2––Bo ¼ 5; 3––Bo ¼ 7; 4––Bo ¼ 9; 5––Bo ¼ 15. Curve 6 corresponds to the universal Hoffman relation (61).
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angle a is significantly affected by the bulk flow at higher values of the Bond number, increasing as
the latter increases at a constant Ca. This result is fully consistent with the observations in the
experiments of Ngan and Dussan (1982), which show an increasing effect of the strong bulk flow
forcing on a (cf. Fig. 7 there).

As time increases, the contact angle a becomes small and the gravity/bulk flow effects become
less significant for sufficiently thin drops, and all the curves in Fig. 6 merge. The drops then spread
in accordance with the well-known Hoffman relation. Only for Bo ¼ 0 is the dependence CaðaÞ
sufficiently close to the universal law (61) throughout the whole range of variation of the apparent
angle.

From Fig. 6 it follows that the capillary number is relatively small over a wide range of ap-
parent contact angle variation: e.g. Ca6 0:025 for a6 3 (a6 172�). The method of asymptotic
expansions is thus applicable for the most of the contact angles. The value of Ca decreases as the
Bond number increases at a fixed value of a. Note that the asymptotic expansion used is valid only
if the condition

Fig. 7. Time evolution of the drop surface at high values of the Bond number. The initial drop configuration corre-

sponds to t ¼ 0, (a) Bo ¼ 50, (b) Bo ¼ 100, (c) Bo ¼ 200, and the time step between the curves is: Mt ¼ 0:025. The
dashed curves correspond to (64) with the same apex heights as those obtained numerically. The time intervals covered

are: 06 t6 0:47 for (a), 06 t6 0:695 for (b), 06 t6 2:025 for (c).
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�jQ0j � 1 ð62Þ
is satisfied, and Fig. 6 shows that this cannot be the case for large values of Bo and values of a
close to p. The solution then fails due to the following reasons. For sufficiently large Bond
numbers the gravity forcing, dominant in the outer region, plays also an important role in the
intermediate region of the order of �, in which case correct matching in the latter is impracticable.
On the other hand, for small values of the apparent contact angle the gravity force affects a
distance of the order of �1=

ffiffiffi
B

p
o from the CL (Hocking, 1983). Therefore, if the condition

1ffiffiffi
B

p
o
� � ð63Þ

is satisfied, the gravity effects do not play any role in the intermediate region and matching is
possible. Accordingly, for moderate values of Bo the motion of the CL is close to the predictions
of the Hoffman’s relation. Fig. 6 shows that for a close to p the gravity effects can be significant
already at Bo � 1.

4.5. The overall picture at moderate Bond numbers

The overall picture of drop spreading for moderate Bond numbers revealed by the calculations
is as follows. An initially circular drop deforms under the action of gravity and capillarity, while
the molecular van der Waals effects do not play any role. At this stage the CL moves at a rate
depending on the parameters r;l;q; g and time only. At the CL rolling motion sets in and the
apparent contact angle equals p at this stage of motion. As the drop surface tends to the shape
described by (34)–(38) still with a ¼ p (see Fig. 4(a)–(d)), the CL motion rate reduces to the order
Oð�Þ. In parallel the molecular van der Waals effects become significant. From then on, not only
the bulk parameters a; l; q and g are of importance, but also the molecular one, �kk (or
� ¼ �1= lnð�kk=a0Þ in the dimensionless form). At this stage the apparent contact angle a gradually
decreases from p to its stationary value as (cf. Fig. 5). This evolution of the apparent contact angle
follows the universal Hoffman’s law (61) and is relatively slightly affected by the effects of the bulk
flow. Deviations from (61) are of importance only close to a ¼ p, where the perturbation theory is
inapplicable.

5. Large Bond numbers

For large Bond numbers gravity dominates capillarity in the most of the drop body, except for
a region of scale 1=

ffiffiffiffiffiffi
Bo

p
near the circumferential rim (Hocking, 1983). When the drop is flattened,

the lubrication arguments become applicable. A similarity solution for this case was obtained by
this approach in Hocking (1983); see also Huppert (1982). In the dimensionless variables used
here, it has the following form:

z ¼ A
a2

1

�
� r

a

	 
2
�1=3

; jrj6 a; ð64Þ
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a7
da
dt

¼ 2BoA3

9
; ð65Þ

where the constant A ¼ 16=9.
The lubrication approximation is inapplicable near the circumferential rim, where (64) yields a

slope angle equal to p=2, and the capillary effects are significant. In Hocking (1983) it was shown
that the solution (64) can be matched with that in the inner region near the rim, of the order of
1=

ffiffiffiffiffiffi
Bo

p
, and the CL motion can be described using (65), except for the stage of evolution where

a ! as and the drop surface approaches its equilibrium shape. In the present case the lubrication
approximation is inapplicable at the initial stage of the evolution when the drop is almost circular,
but it was tentatively assumed that the similarity solution becomes realizable after a larger time
interval. To verify this assumption, numerical calculations were done for Bo ¼ 50, 100 and 200. In
this case the numerical procedure for the initial transition stage followed the one described in
subsection 4.2. Also, as it was explained in the preceding section, in the case of large Bond
numbers the method of matching asymptotic expansions, used for Bo6 15, is impracticable.
Expressions (58)–(60) are incorrect for any value of a except those tending to as. Therefore in the
present work the wetting stage was not considered in the case of large Bond numbers. This stage,
however, would correspond to extremely squeezed shapes when the whole meaning of the contact
angle becomes problematic.

The evolution of the drop generatrix in time, obtained numerically for Bo ¼ 50, 100 and 200 for
the transition stage 06 t6 t, which is very long for those values of Bo, is shown in Fig. 7(a)–(c).
The dashed curves correspond to (64) with the same apex heights as those obtained numerically. It
is seen that Eq. (64) agrees closely with the numerical results for most of the drop generatrix over
a certain time interval, when the drop has already been sufficiently flattened. (A similar agreement
between (64) and (65) and the experimental data was found in Marino et al., 1996).

After that, when the wetting effects become important, the agreement disappears. At the
transition stage of Fig. 7, rolling motion of the CL is realized. When its rate becomes equal to that
due to the wetting effects, a switch is in order as discussed in Section 4. It is emphasized that the
solution (64) and (65) remains valid even at the wettability stage (where the gravity effects are still
important). The latter has been proved in Hocking (1983), where (64) was matched with the
solution in the inner region.

Experiments of Marino et al. (1996) suggest that the shapes of the leading head of spreading
drops virtually remain almost self-similar as long as the rolling motion persists at the CL (an
intermediate quasi-self-similarity). To verify this hypothesis, we used the data corresponding to
Fig. 7(b) (Bo ¼ 100). The shapes of the drop head at different time moments were replotted in Fig.
8 in the coordinates ðr � aÞ=ðrmax � aÞ and z=ðrmax � aÞ. The results show that, indeed, this re-
scaling virtually allows collapse of all the curves onto a single one. Moreover, in Fig. 8 we also
plotted the cumulative experimental date from Fig. 12 of Marino et al. (1996) for an almost self-
similar head of a polydimethylsiloxane drop of radius a0 ¼ 7:11 cm, q ¼ 0:96 g/cm3, l ¼ 1223:7 g/
(cm s) and r ¼ 21 g/s2. In Fig. 8 it is clearly seen that the data agree with the present numerically
generated shapes. This suggests that the almost self-similar head shape of rolling drops is also
invariant in respect to the variation of the Bond number.

The CL motion rate, shown as the capillary number Ca as a function of position a obtained
numerically, is demonstrated in Fig. 9 for Bo ¼ 50, 100 and 200 for the transition stage 06 t6 t.
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The corresponding dependences (64) and (65) are also plotted. It is seen that if the drop shapes are
close to those of (64) (cf. Fig. 7), which corresponds to 1:66 a6 1:75 for curves 1 and 10, to
1:86 a6 2:1 for curves 2 and 20, and to 1:96 a6 2:4 for curves 3 and 30 in Fig. 9, the numerical
and analytical results shown in Fig. 9 agree.

Fig. 8. Quasi-self-similarity of the leading head of the drop with rolling motion at the CL. Bo ¼ 100 (corresponds to

Fig. 7(b)). To curve 1 corresponds t ¼ 0:045; 2––t ¼ 0:07; 3––t ¼ 0:095; 4––t ¼ 0:17; 5––t ¼ 0:23. The curves show the

results of the present calculations. The cumulative experimental data of Marino et al. (1996) are shown by symbols.

Fig. 9. Capillary number based on the motion rate of the CL as a function of its position at high values of the Bond

number. 1––Bo ¼ 50, 2––Bo ¼ 100, 3––Bo ¼ 200. Curves 10, 20 and 30, corresponding to the above values of the Bond

number, were plotted using the analytical solution (64) and (65).
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6. Summary

In the case of spreading of an axisymmetric drop on a horizontal wall the following scenario
was revealed by the modeling of the present work. After an almost instantaneous stage, when the
drop surface evolves from a pointwise to a small but finite contact area, a transition stage begins.
The latter is almost completely governed by the effect of gravity-driven bulk flow. As a result,
rolling motion sets in at the CL. The duration of this stage lengthens as the Bond number in-
creases. During the transition stage the motion rate of the contact line (normalized as the capillary
number) decreases as the drop spreads. At its end the capillary number achieves the level char-
acteristic of the wetting effects. During the next stage of spreading the dependence of the apparent
contact angle on the capillary number begins to approach the Cox relation (61), but the gravity-
driven bulk flow evidently affects that angle even at this stage; the angle is larger for the larger
Bond number (gravity forcing). At the end of this stage the wetting effects become dominant and
universal Hoffman relation comes into play.
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